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$K\mu_{arrow}$ ( $4\mathrm{V}\mathrm{e}\mathrm{i}e\mathrm{r}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}$ )
$E/I(\cdot\tau/^{\underline{0}}\{- a_{1}xy+a_{3}y=x^{3}+a_{2}x^{2}\dashv\vee a_{4}\cdot \mathrm{r}\vdash a_{\dot{\mathrm{r}}}. a\rfloor.a\}\cdot a2,$$‘ \mathrm{z}4,a\epsilon\in K$
O $=(0_{\mathrm{t}}1,0)$
KK $E^{}(.K)$
$F_{\lrcorner}(Kj=$ { $(x.y)$ C- $K^{\underline{9}}|y\underline’- tafxy|a_{3}y=x^{l}\dashv-\prime \mathrm{z}_{2}x^{\underline{9}}\vdash a_{4}x\dashv‘\iota_{6}$ } $\cup\{O\}$
$E(K)$
: $C.1\mathrm{l}\mathrm{O}\mathrm{l}\cdot \mathrm{d}- \mathrm{t}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}\iota \mathrm{l}\mathrm{t}$law
Given $P,$ $Q\in E\dot{(}\mathrm{F}_{a}.$ ) $.P\in<Q>$





$C_{t}=<g>,\forall/|\in G,$ fir}\mbox{\boldmath $\zeta$}t $x\in \mathbb{Z}_{\vdash},$





RSA, $\mathrm{E}.1\mathrm{G}^{1}\mathrm{a}\mathrm{m}\mathrm{a}1$ : $1\mathrm{t}\mathrm{J}24$
( 1 $\dot{}\backslash \mathrm{b}\mathrm{e}^{1}.1$ )
: 360


























$H\mathit{0}3\mathrm{J}_{\acute{e}1\underline{\Gamma})}‘ 1)iu1\backslash ’ i1\mathrm{J}$ irty &i
$J(H)=D^{0}(H\}/D_{l}(H)$
‘’











$J(x,)$ $.(\{_{P}.\mathrm{g}$. $f(.x)=\underline{9}g+1_{}c\mathrm{J}\iota^{\mathrm{l}}\mathrm{g}h\dot{(}x.\rangle\leq g$
, , $H$ , .





( $\mathrm{Y}\mathrm{V}\mathrm{e}\mathrm{i}\mathrm{l}\rangle\backslash$ $\mathrm{d}\mathrm{i}\backslash \prime \mathrm{i}\mathrm{s}c$)($\mathrm{c}\mathrm{q}\mathcal{D}$ on $H$









$D= \sum P,$ $-r\cdot\infty$
{$\mathrm{H}$ $P_{i}\in \mathrm{S}\backslash \iota \mathrm{p}\mathrm{p}\{D)/\{1, t,\}$,
$\iota$ , $Prightarrow-P=\langle a.x,$ $-y-l\iota$ ) .




$(U. V)_{,} U_{\backslash }V\in \mathrm{F}_{q}[x]$
$D=\mathrm{d}\mathrm{i}\vee(UV).=\mathrm{g}c\mathrm{d}(U_{\backslash }V-Y)$
$V^{7}arrow+\mathrm{K}\iota V-F\equiv \mathit{0}$ $\mathrm{m}\mathrm{o}\mathrm{d}$ $U,$ $\mathrm{d}\mathrm{c}\mathrm{g}V<\mathrm{d}\mathrm{c}\mathrm{g}U$
$D= \sum$. $m(x_{\mathrm{t}},y_{i} \}\Rightarrow U\dot{(}X)=\prod‘(X-x_{\mathrm{t}})^{m}\cdot\backslash y_{j}=V(Xi_{i})$





Strp 1 (Cfin}p(\lambda \ition) $\cdot$
, $D$ { $a,$ $b)$
.
$d:=\mathrm{g}(^{\backslash }.\mathrm{d}$( $a$ , : a2, $b_{1}+b_{2}-f\iota$) $=s_{\mathrm{J}}a_{\mathit{1}}+s_{-}’ a_{2}+s_{3}(b_{1}+b_{\grave{}}.+h)$
$a=a_{1^{O’}l}/\prime\prime\underline’$
$b=\langle s_{1}a_{1}\mathrm{I}’\cdot\underline{)}+s_{2}a_{2}b_{\mathrm{t}}+s_{\delta}(b_{1}b_{2}+f))/d$ mool a









$ff/\mathrm{F},,$ . $\}^{\sim\underline{\mathrm{Q}}}=F(X)$ .
$F\langle X$ ) $=X^{r_{)}}\llcorner+f_{1}X^{4}+\cdots$ $f_{0\text{ }}$
.
$.f..\cdot\in \mathrm{F}_{q},$ $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{l}^{1}(F’)\neq 0$
$D_{1}=\langle U_{\mathrm{i}},$ $V_{1}\}_{:}D_{-}.’=(U_{\underline{J}}., \mathrm{V}2)$ $D_{3}=D_{!}+D_{\sim^{\gamma}}$.
$D_{1}=P_{11}+P_{1}\underline{\cdot\cdot,}-2\infty$ . $[r_{\mathrm{J}(Xj=}\dot{\mathrm{t}}X-x_{1}’)\wedge(X-x_{1_{\vee}^{)}}.\cdot)\backslash$
$D_{\}}=P_{21}+P_{22}-2\infty$ : $U_{2}(X)=1X-x..71\grave{)}(X-x_{22}.)$ ,




$1=f\iota_{1}U_{1}+f\iota_{1,\lrcorner}.U$, $F\equiv V^{2}$ mad $U$
$V$ .





$\tau$ . Com $\mathrm{p}_{1}\mathrm{r}\mathrm{t}\mathrm{i}t\iota \mathrm{g}1$ )$\mathrm{o}\mathrm{i}_{\mathrm{J}1}\mathrm{t}\mathrm{s}$ otl JIy-
perelliptic curves over finite fields
1. chord-tangent IIEC
2, $\mathrm{d}\mathrm{i}\backslash \dot{0}\mathrm{R}$ ) $\mathrm{r}$



























$\# J\langle \mathrm{F}_{9\mathrm{J}J})\approx q_{lJ}^{2}\Rightarrow \mathrm{f}\mathit{4}H\approx\sqrt{t\mathit{1}b}$
$(c\mathrm{l}\mathrm{a}\backslash \cdot \mathrm{s}\mathrm{i}\mathrm{c}\mathrm{a}\mathit{1})$ : $M\approx 2(\log q)^{\underline{\gamma}}$
.
l\mbox{\boldmath $\nu$}Ifj\approx 4
IEEE $\mathrm{P}1363$ $\{\mathrm{J},\tau \mathrm{c}\mathrm{o}\mathrm{l})\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{P}\mathrm{r}\mathrm{o}.\dot{|}\mathrm{t}^{2},\mathrm{c}\mathrm{r}\mathrm{i}\iota\cdot\epsilon\rangle$







$p$ : $\neq\underline{9}_{\backslash }\overline{(}$. $c_{l}=.p’|$
$C/\mathrm{F}_{\iota_{\mathit{1}}}$ : $Y^{arrow)}.=F(X)$













$\mathrm{x}$ $\mathrm{s}\mathrm{i}^{r}/.\mathrm{e}$ ( $\mathrm{H}.\mathrm{a}\mathrm{a}.\mathrm{i}\mathrm{e}- 4\mathrm{V}\acute{\mathrm{e}}\mathrm{i}\mathrm{l}$ range)
Theriault \iota Gaud}.\gamma
.,.$‘.\geq 56$}, $\mathrm{i}\mathrm{t}$. $\Rightarrow 1601\iota i\mathrm{t}$
$641_{3}\mathrm{i}\mathrm{t}\mathrm{C}_{-\prime}\Gamma \mathrm{U}$ ,
3 Harlcy algorithm
Kui $o\mathrm{k}^{-}\mathrm{i}$ . $\mathrm{C}_{\mathrm{o}11}^{\mathrm{t}},‘ 1.\mathrm{z}$ , Matsuo, C. $\mathrm{T}\mathrm{s}.\iota’ \mathrm{j}\mathrm{i}_{1}\langle 21\mathrm{I}\mathrm{t}1^{t}\underline{)}\rangle$ ,
Pelrl Wollinger-Guajardo Paax (2003),
Gonda. Matsuo, Aoki, $\mathrm{C}^{\mathrm{t}r}.\mathrm{T}_{8\mathrm{U}}\mathrm{j}$ ii $(2004j$ ,
3 Hmrley $\mathrm{a}\mathrm{l}\mathrm{g}.()\iota^{-}$$.\mathrm{t}11\Pi 1$
1.
2 $C‘$)$\tau \mathrm{r}$)$1$) $\alpha\triangleleft \mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$
( )
Nesvton ( ). Karatsuba. $\mathrm{b}.1\circ \mathrm{r}1\mathrm{r},\mathrm{g}\mathrm{o}\mathrm{I}11(^{\backslash }1\}’$
3. Reduction ( 2 2 )
. $\mathrm{r}\mathrm{l}\iota\backslash \mathrm{g}PI$
3 70
1 $\epsilon \mathrm{l}\mathrm{e}\mathrm{g}U|=\deg U_{2}=31\mathrm{C}\mathrm{S}(\rangle U\rceil . \# 2)$ $\neq 0$ (genez ic case)
$=\pm$ Harlcv algorithrn
2.
$\Rightarrow \mathrm{C}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{o}\mathrm{l}\cdot‘.\iota \mathrm{l}\mathrm{g}.\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{t}_{1\mathrm{l}}\mathrm{n}$: $O(1/q)$
2
1. $\mathrm{d}e\mathrm{g}I^{\gamma_{1}}=3$ and les$\langle$ [l, , $1_{\}}^{j}$ ) $\neq 0$ ( $\mathrm{m}\mathrm{o}6\mathrm{t}$ frequent case)
$\Rightarrow \mathrm{H}4\mathrm{r}\iota_{\mathrm{e}\}^{r}}$ algolithm
2.
$\overline{\sim}\mathrm{C}n\tau 1\mathrm{t}\mathrm{o}1^{\cdot}$ algol$\cdot$ir.ltlYl: $O(3/q)$
17 $\mathrm{J}\mathrm{b}^{\mathrm{t}}$
1. $\mathrm{T}_{\mathrm{o}\circ \mathrm{l}}\mathrm{n}$
2. Virtual polynon]i multil)lication
$a,$ $b$ :





Toon $:4Marrow \mathrm{I}\backslash \mathrm{a}’$. $\mathrm{r}\mathrm{a}\mathrm{t}^{\mathrm{q}}..,\mathrm{u}\mathrm{b}_{4}^{r}$ $\circ^{\ulcorner}\Lambda \mathrm{f}arrow \mathrm{C}^{\backslash }1\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{c}\mathrm{a}1$ :6M













$(\theta 1X+\epsilon 0)\{,$”$4^{A}\mathrm{Y}+\underline{r}$ )$\delta$ ,Karatsr\iota ba
$\epsilon_{\mathrm{i}^{\sim}\prime\rfloor}$.
$s_{0}z_{3}$







(’PU Alpha $\mathrm{E}\backslash \prime 68\mathrm{C}\sim \mathrm{B}1.25c_{\mathrm{r}}\mathrm{H}/$ ,
Compiler . Compaq $C++$ xvith inkne asymbki
$\mathrm{c}|\downarrow \mathrm{f}\mathrm{l}\mathrm{J}\mathrm{l}\mathrm{t}\mathrm{o}\mathrm{l}$ .algorithm : $\mathrm{N}\mathrm{T}\mathrm{L}/\mathrm{G}\mathrm{M}\mathrm{P}$
!80 : $1601_{\mathrm{J}}\mathrm{i}\mathrm{t}$ signed $n1\mathrm{i}\mathrm{c}1\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ win(lo}\$\cdot$ rrlcthod (window
$\ovalbox{\tt\small REJECT} 5)$
8 Weil $\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{c}.\mathrm{e},\mathrm{n}\mathrm{t}$
Gehard $\mathrm{F}1^{\cdot}\mathrm{C}\}’\backslash \mathrm{t}\mathrm{H}\circ w$ to disguis $e_{-}11\mathrm{i}\mathrm{p}t\mathrm{i}\mathrm{t}^{\backslash }-$ ” ECC1998
$K/k_{:}[K : L.]=\tau\iota$ . $\mathrm{c}^{1}.\mathrm{g}.K=1\mathrm{B}^{\backslash },,,1/\mathrm{A}$ . $=\mathrm{F}‘$’
-Y/K: $\mathrm{A}\mathrm{V}^{\cdot}$
$\exists \mathrm{t}\Psi_{hik}.$. $/k$:n-D $\mathrm{A}\mathrm{t}_{\backslash }^{-}$. $\mathrm{s}.\mathrm{t}$ . $W_{I_{\acute{\mathrm{t}}}/\succ}.(k)=X(I\mathrm{f})$
$\exists\omega$ : $\mathrm{I}\prime V;,\cdot/\mathrm{A}./Karrow X/K$ : morpllislll






$\exists!\iota$ : $Y/Karrow W_{I\backslash ^{J}/k}./K$ : m$\mathrm{o}$rphism $\mathrm{s}^{\neg}.\mathrm{t}$. $c=\omega \mathrm{o}l$
$\mathrm{F}\mathrm{r}($]$\cdot$. :
$X/k$. $\Rightarrow W\kappa/\mathrm{A}(X)=X\mathrm{x}$ A
A $\mathrm{i}\mathrm{n}\mathrm{e}(\mathrm{l}\mathrm{u}\mathrm{c}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}/k.$ $\dim A=[Kk]-\dim X$
.21
$\mathrm{z}\mathrm{z}$
$W_{\backslash /\mathrm{A}},.\{\lambda’$ ) $(\mathrm{e}!.\mathrm{g}.)$
$K/k$. Calois, $G(K/k)=<\sigma>,$ orcl(\sigma )=l $\mathrm{P}^{1\mathrm{i}\mathrm{n}1\mathrm{e}}$.
$\mathrm{A}^{\prime 1}$ Affinc coordinates ( $X_{1,\ldots:}X_{1},1$ G\kappa :
$W_{I\backslash /k}\{\mathrm{A}^{n})\mathrm{x}K\simeq$ $\prod$ $(\sigma(X_{1}), \ldots, \sigma\{X_{t\backslash }\})$
: $f\mathrm{i}./k$
Generic points of $W_{J_{1}/\mathrm{A}}\langle X$) :
$(P,\sigma P, .. \sigma^{l-1}P)$ . $P$ . a $\mathrm{g}(\mathrm{Z}\mathrm{l}\{\mathrm{i}\mathrm{r}\mathrm{i}\mathrm{c}$. point of $X\mathrm{x}K$
A
$A= \{(P’.\sigma P’, -\sigma^{\prime-1}P’)|\sum\sigma^{i}P’=0$
-. $K$ , $[K : k]=l$:prime, $X=E-$.
$A\langle k)\supset\{P\in E(K)|Trr\acute{\iota}/\mathrm{t}(P) =0\}$
.4 $X$
$X=E$ :elliptic $c\mathrm{u}\mathrm{r}1’\mathrm{e}$ $E$
$A$ (disguise)(tl$\cdot$\kappa pdoor $\rangle$









$\mathrm{C}^{\mathrm{t}_{\{1}}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}$ attack $’\acute{j}.$. :
1 $\mathrm{E}\mathrm{x}\mathrm{p}1\mathrm{i}_{1}\mathrm{i}\mathrm{t}C/K$ Wcil rvstriction (GHS)
2. pullback $c^{*}$ cunozrn ( $\mathrm{G}\mathrm{I}$IS)
3. $1i\mathrm{L}^{\backslash }1^{\cdot}No\prime’$. rivia} ?( )




$\mathfrak{B}1:$ YVeil $\iota\cdot \mathrm{c}.\backslash \mathrm{s}.\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{c}\cdot \mathrm{t}\mathrm{i}\mathrm{o}\mathrm{r}\mathrm{l}$ hxnctorial property $\mathrm{g}.\mathrm{t}^{\mathrm{J}}\mathrm{r}$ $\mathrm{c}\mathrm{r}\mathrm{a}1$
nlOelel $1\iota \mathrm{y}$])$\mathrm{e}\mathrm{r}\mathrm{p}\mathrm{l}\mathrm{a}\mathfrak{n}\mathrm{e}$ intersec-
t.iOll (GHS $\mathrm{c}\mathrm{u}\mathrm{t}\grave{|}$
2 : $\mathrm{c}\mathrm{o}\iota \mathrm{l}\mathrm{o}\mathrm{r}\mathrm{n}\mathrm{l}$
3 : :( )
4 :
$g(G)\geq ng(H)$
’ Squared-roota (BSGS Pollard’s $1\mathrm{a}111\mathrm{b}\mathrm{d}\mathrm{a}_{\tau}1^{\cdot}\mathrm{h}\mathrm{o}ae$ )
-\rightarrow $G$ $O(\sqrt{\#\mathrm{G}}$
$c_{P}=O(g(K(C)\mathrm{I}^{-})q^{\mathrm{A}^{f_{1\succ)}}}.\langle\log q’‘)^{2})\mathrm{C}_{1}n$. ADH attack :. $\mathrm{G}_{\dot{\epsilon}111}^{\mathrm{I}}\mathrm{d}_{1}\gamma.\mathrm{s}$. variaza :
$c_{G}.\cdot=o(g\{F\}^{\hslash}q^{\vee}’(\log q).)+g(F\}^{2}(g(F)!)q(\log q)^{2})$. ’I’heriault ’s $\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{v}(^{1}\mathrm{X}11\mathrm{P}11\mathrm{t}$
$\mathrm{S}^{\mathrm{t}}(1^{11\mathrm{d}1l}...\iota.\mathrm{o}\mathrm{o}\mathrm{t}$ attack : $5\leq g\leq 9$
.16
GHS Weil attack
$K=\mathrm{F}_{q^{i\iota}}$ , $=\mathrm{F}_{q:}‘ \mathit{4}=2^{l}$





$\backslash \backslash _{\backslash }$ $\backslash$
$\mathrm{h}\mathrm{F}_{q’’}|_{\backslash }^{\backslash }\langle x)$
$\mathrm{F}_{\triangleleft}(x)\mathrm{F}_{\prime^{\eta}},\backslash ‘|\sigma_{K/\mathrm{A}}\backslash _{\mathrm{F}_{q}}$
$G(K/k)\ni\sigma_{h/k}$. $\sim$ $\sigma\in G(K(x)/k(x))$





L. $???=n$ , $m:=[F’ : K\langle x)]$
$\prime pr_{\Gamma\acute{\mathrm{t}}/\mathrm{p}_{2}}(\alpha)=0$
$-\cdot-$






GIIS $\{\mathrm{b}\cdot 1\epsilon \mathrm{n}\mathrm{e}\mathrm{z}\iota^{1}\mathrm{s},\mathrm{Q}\iota\iota)$
GHS $(\mathrm{J}\mathrm{a}\mathrm{c}o\mathrm{t})\mathrm{s}.\mathrm{o}\mathrm{n}_{}\mathrm{h}f\mathrm{e}\tau 1\prime\prime\Leftrightarrow.\cdot.$, Stein)
$\mathrm{h}3^{\cdot}1$)$\mathrm{e}\mathrm{r}\mathrm{e}11\mathrm{i}\mathrm{I}$)$1\mathrm{i}\mathrm{c}-(\mathrm{D}\mathrm{i}\mathrm{C}^{\backslash }\mathrm{I}1‘\rangle$
Kuznmar extension $(\mathrm{T}]_{1\mathrm{e}1}\cdot \mathrm{i}\mathrm{a}\mathrm{u}1\mathrm{t},)$
$\mathrm{A}_{1}\cdot \mathrm{t}\mathrm{i}\mathrm{n}$-Schreier extension (Theriault)
$\mathrm{A}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}- \mathrm{S}\mathrm{c}\mathrm{h}\mathrm{r}\epsilon.\mathrm{i}\mathrm{c}.\mathrm{r}$ curves {l$rss)
cyclic Galois superelliptic curves( , ,$\mathrm{c}$, )
4 ( b )
$\underline{.\rangle}6$
$Jn$ such case.
$\Gamma^{\mathit{4}}=(F’)^{a}$ : $fi\tau c^{J}d$ field of $\sigma$ hyperelliptit
$g(F1=2_{\backslash }^{m-\prime}$ or $2^{\prime\prime-)}’-1$
$o\uparrow \mathrm{J}\rho\gamma$ the exaff constant fieid A
$\mathrm{A}’.\downarrow\backslash .\cdot,.\backslash FF^{\neg\prime}\overline{\backslash \mathrm{o}\mathrm{C}}\backslash _{\backslash }^{c_{\dot{\mathrm{F}}_{q^{\hslash}}\{E)}^{\mathrm{Y}}}$
$Cl^{0}.* \cdot\int^{F’)}\backslash _{\backslash }(.\backslash$
$cl^{()}(F)\overline{4\backslash ’\circ}c^{Cl^{0}(\mathrm{F}_{q^{n}}(F_{\lrcorner}\rangle)},\cdot$,
$N=N_{F’/F_{\dot{\prime}}^{1}}.C=C,on_{k^{l^{(\prime}}}\cdot/’\backslash (h)$
$N_{F’j\Gamma}\mathrm{c}CJtrn_{F^{:}/R\{r_{\acute{\prime}})}\cdot Cl^{0}(K\downarrow.E)).arrow Cl^{\theta}(F’)arrow ConF’\prime J\mathrm{f}(L1r\mathrm{b},’/tCl^{0}(F)$
$\mathrm{K}C.1^{\cdot}71^{s}‘ 1$
GHS






ff $\mathrm{F}$ $\mathrm{R}\mathrm{F}\mathrm{C}$ . 24121998 $\mathrm{F}_{2}’.- \mathrm{F}_{\underline{1}}$} $\acute{n},.\mathrm{t}\epsilon \mathrm{r}$,
Jacobson, Menezes, Sraein: $\mathrm{F}_{2-}\uparrow\epsilon \mathrm{r}_{1}^{i}\ \mathrm{F}_{\hslash},\text{ }$ descent
$2^{\mathrm{J}5\theta}$ $-\mathrm{Q}$.33 11J
C4a \sim th isogeny $\mathrm{c}.\mathit{1}\mathrm{a}.\mathrm{s}\backslash \cdot$
Diem (Knmml )
Theorem
$K/k\cdot[K : k.]=\mathrm{o}\mathrm{c}1\mathrm{d}$, $H’$ : a hvperelliptic K-curve
$F’$: the $\mathrm{G}_{i}d\mathrm{o}\mathrm{i}\mathrm{s}\{1_{0911\mathrm{I}}.\epsilon$ of $I\zeta\langle H’)/K(x)$
If $F’/K$ . regular, $\exists!F/k(x)$ . regular $5\mathrm{u}\mathrm{b}\mathrm{e}\mathrm{x}\mathrm{t}$ of $F’/L(x)$ .
$\mu\uparrow$ $KF=F’$ .
$\hat{\sigma}_{\overline{K/}k1^{\backslash }}I^{1}\grave{K}1H’)F’$
$\backslash \backslash _{\backslash _{\backslash }}\backslash _{\mathrm{A}’(x)}\backslash |\backslash \backslash$
A
$\{x)K\backslash |\backslash _{\backslash \mathrm{A}}.\sigma_{\mathit{4}\zeta\prime}\mathrm{g}$
If $F’/K.\mathrm{n}\mathrm{t}$)$\mathrm{n}\mathrm{r}‘\backslash \mathrm{g}\prime 1\mathrm{L}.\iota$ } $\exists^{\underline{\mathrm{t}}}\eta/k,$ $[\eta\cdot k.]=2\mathrm{H}\mathrm{t}F’/7|\mathrm{A}_{\sim}’$. $\mathrm{l}\rho \mathrm{g}_{11}1\mathrm{a}$ ) ,





$z$ $|\overline{\sigma_{J}\nwarrow}/k\backslash \backslash _{\wedge}$
$\overline{\sigma_{\mathrm{A}/k1\gg}}F’F\eta \mathrm{A}’(H’)F\grave{K}(B’)\backslash \grave{r}(K’(x)\nearrow’\backslash \swarrow[searrow]_{\backslash }’,’\backslash$
$\backslash \backslash \backslash \backslash ,\backslash _{\backslash }/|^{\backslash _{\backslash }}\backslash _{\backslash }^{K(x)\eta\langle x\mathrm{I}\eta_{\int}K}\backslash /|\succ^{\prime’\backslash \mathrm{g}/}\backslash \bigwedge_{\backslash ^{\mathrm{t}}}|l\backslash \backslash \backslash$
$k\langle x)$ $h’$ $\eta$





$N\mathrm{o}C$ factors thrrugh $\mathrm{A}_{\mathrm{A}(H’)/\{f}^{\Gamma}.’$ : $\mathrm{C}1^{0}(K(H^{)}))arrow \mathrm{C}1^{0}(h\mathit{1})$ ,
i.e . $1\mathrm{c}G1^{\cdot}\langle N\circ C\rangle\mathrm{F}\mathrm{h}_{\text{ }}$ nont.rivial.
By Hasse-Weil $\uparrow\supset \mathrm{o}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}$ .




$|\backslash |$ $\backslash \sim\backslash$
$F3MK‘(x.)\backslash \backslash \backslash _{\backslash \backslash }|^{\backslash }\backslash _{\backslash }\backslash _{\backslash }\mathrm{g}(\mathit{9}i)K\backslash$
$\backslash _{\backslash \backslash _{\backslash }|^{\backslash }\backslash |}\backslash f_{i}(x)t^{I}\backslash \backslash \backslash$
$\backslash _{\backslash \backslash }|$
$\oint_{i}$
Proposition:
$k\subset\exists\mu\subsetarrow K\mathrm{s}.\mathrm{t}$ . $K(fI^{J})//\iota(x,)$ :Galois




Diem : $g(F)$ F\rightarrow Artin-Schreier (Hess)
{$.\mathrm{h}_{\mathrm{d}I}.K/k=\mathrm{o}\mathrm{d}\mathrm{c}\mathrm{L}$ [If : $\mathrm{A}.\mathrm{J}=7L=\prod p^{n_{1^{J}}}$:odd
$H:\mathrm{h}\mathrm{y}:)\iota\backslash \mathrm{r}\mathrm{e}!1\mathrm{l}\mathrm{i}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{c}$. curve, $g(H)=g$
$g(F)\leq 2^{n-1}$ {($g$ $1\rangle n-1$ ) $+1$
$k$. $\subset E/\lrcorner\subsetarrow K\Rightarrow \mathrm{k}\mathrm{c}\mathrm{i}rN\mathrm{o}C=$ {clt8 of order 2power8} and
$g(F) \geq 2^{\mathrm{I}_{g+}^{\Sigma_{\underline{p,\prime}1h^{\neq}}}\frac{\mathrm{u}\prime J^{1}\prime}{\sim}l-2}(_{p.n_{P}\neq\{\}}\sum.;" \mathrm{z}_{p}-1)+1$
$g(F\rangle$ $\geq 2^{\dot{\phi}2(n)}-2(n-4’)+1$ $7l$ : prime
whexe $\forall?\tau\in \mathrm{N}$ . $\phi_{2}\langle n,$) $:=f\mathrm{F}\underline{\cdot,}[\xi_{1},]$,F2]
$n\geq 11\Rightarrow\# c_{J}l^{\mathit{0}}(F)\sim q^{g(\prime\dot{\prime})}=2^{\acute{0}01\dot{1}0}$ ;
$n=5.ng\backslash \{F$ ) $=5$ or 7,,
$F:]\mathrm{l}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{c}$
$rn=3$ . F: 3 $\mathit{0}\mathrm{J}$ llyperellitpic :
$.\cdot’..j$
$H/K$ . $y^{p}-y=f(x)$ . $K=\mathrm{F}_{l},\Uparrow,k=\mathrm{F}_{q},$ $q=p^{-}$
$E.=K(x)’.\wp(x)=x^{\mathcal{P}}-\tau$
$K(H)\cdot=E(\wp^{-1}\langle f))$ . Artin-Schreiet extension
$\forall f\in E$ , $\Delta_{f}.=\{d^{p}-d+\sum_{i=0}^{\prime)-1}\lambda_{i}\sigma^{j}\{f)|d\in E^{l}, \lambda, \in \mathrm{F}_{J},\}$
$?nf \langle t)-\cdot=\sum’\backslash jt^{1}m\in \mathrm{F}_{p}[t]s.t$ . $\sum\lambda_{i}\sigma^{j}\dot{\{}f$)$=d^{p}-d_{\tau}m\exists d\in E$
$\epsilon$ : $p$ $\{1)\mathrm{n}\mathrm{i}\mathrm{q}\iota\iota \mathrm{c}^{\mathrm{J}})_{\mathrm{t})}$
$F’=E(\wp^{-}{}^{\mathrm{t}}(\Delta_{f}))$ , $[F’ E]=l^{J^{4\mathrm{g}\{m\}}}‘/$
2. .
$\deg(m_{f})\geq 2$ .
$\Delta,$ $\cup K\subset\wp(E)$ ,
E( $r$. $(f_{:}\sigma(f))$ ) 2
$g(fI)p^{\mathrm{d}\mathrm{g}(’ n_{f}\}}‘ \underline{)}+1\leq‘ d(\Gamma’\}\leq ng\{H)\frac{p^{\mathrm{d}r\mathrm{g}(\prime n_{f)}}-1}{p-1}$
$p$ 2, $f=\wedge:/x+a+r\beta x_{\backslash }\gamma_{:^{\mathrm{t}t_{\backslash }}\acute{i}}\mathit{3}\in K,\gamma[t\neq 0$
$F’/E$ regular, $P^{\neg\prime}.=E(\wp^{-1}(\triangle j))$
$g(F”)=2^{d_{P}}\epsilon \mathrm{t}^{\mathrm{y}7\mathrm{t}}J^{1}’-2^{\deg(m_{f}\}\prime 1q(m_{\backslash })}-2^{e1\epsilon \mathrm{g}\{m_{J}\mathfrak{i}-\mathrm{d}ae(m_{\beta})}\mathrm{P}_{\Leftrightarrow}+]$
$l4$
SuPerellitPic curves ( , , $\mathrm{c}$ , )
$c,,/K$ : $Y’$
.
$=j(X):=asX^{\delta}+\cdots+\prime r_{1}..\mathrm{Y}+\prime \mathrm{J}_{0}$ .
$r|$ $(t- 1, \mathrm{g}.\mathrm{c}.\sigma 1(f\{X)_{-}f^{J}(X))=1_{:}\mathrm{g}\mathrm{r}.\cdot\sigma 1\{.r.\delta\rangle$ $=1$ or $r$ .
$n$ \’a : 7 11 13. 17
$g(\Gamma^{d})\geq$ $.$
$\mathrm{J},\mathrm{J}.!$
$\mathrm{g}_{\overline{(}}6^{\cdot}$ $0^{\cdot}4^{(}\mathrm{J}$ 91 $|\mathrm{i}200884\underline{\mathrm{C}99}|$$’.\mathrm{Y}:=0$ or 1 if $\mathrm{g}.\mathrm{c}\cdot \mathrm{d}\langle r,\delta)=ro\mathrm{z}’ 1$
$g(F) \leq\tau’’\{\frac{n\cdot\langle\delta.+\alpha)}{\mathit{2}}(1-\frac{1}{},)\backslash -1\}+1$
$1\mathrm{f}k$. $\subseteq\beta\muarrow\subset K\mathrm{s}.\mathrm{t}$ . $K(C)/\prime \mathit{1}(\mathrm{i}S)$ :Galois, $n:= \prod_{r}$ .
$g(F) \geq(\prod_{i=1}^{\overline{m}}\overline{r}_{\lambda})\ovalbox{\tt\small REJECT}\underline{\frac{1}{9}}\{_{l’,p}\sum_{n\neq 11}.p^{\prime t_{p}}(1-\underline{1})\uparrow.\}-1\ovalbox{\tt\small REJECT}+1$,
witlJ $1\leq\exists\overline{n7}\leq Y\mathfrak{l}\cdot\cdot\overline{r}:13.’:\overline{r}_{i}>1$ .
$1\mathrm{f}.r$ is. aPrillle $\mathrm{n}\mathfrak{U}111\mathrm{b}\mathrm{C}^{1}1^{\cdot}$ ,
$g(F) \geq r\lceil_{-}^{\Sigma}\mu.\ovalbox{\tt\small REJECT}’\frac{0^{\rho^{n_{p}}}}{a}\rceil|;\frac{1}{\overline{2}}\{_{\rho,\prime}\sum_{t_{\nu}\neq 0}p^{n_{p}}(1-\frac{1}{r})\}-1]+1$.
$\mathrm{g}\mathrm{c}.\sigma 1\{?\iota,r.\}=1$ $\phi_{r}(.n):=[\mathrm{F},.[\zeta_{n}‘]$ : $\mathrm{F}_{r}$]
$g(F) \geq r^{\phi_{r}\{\prime}‘’[\frac{1}{2}\{7?(1-\frac{1}{\Gamma})\}-1]+1$.
$\mathrm{g}\mathrm{c}\mathrm{d}(n_{\backslash }r)=1_{\}r,n$ primes $(n\geq 5)_{\mathrm{s}}$
$Ct\gamma\prime 11JC\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l})\mathrm{t}\mathrm{i}\mathrm{e}$
$\mathrm{c}\iota\iota \mathrm{r}\mathrm{v}\mathrm{c}^{1}$, non-hypet elhptic,
$g(K(C)\rangle\underline{\backslash }4’,$ $\log_{\sim}7q^{g(C)}’\}\leq \mathit{0}^{r}60$ $\Rightarrow C\rho<Cc_{l}$ .
$n:]\lrcorner \mathrm{r}i\mathrm{n})\mathrm{c}_{\backslash }^{\backslash }g(\Gamma’)\geq.21517$ for $n\geq 17$ . $g(\Gamma^{\sim})\geq 5_{\backslash 1}^{r}\mathrm{f}\check{\circ}1^{\cdot}7’$ . $\geq \mathrm{t}r\mathrm{J}$
$\mathrm{g}’.(1(\tau\oint..r\rangle$ $=1_{:}r_{1}n$ : prime nurnbers $(7l\geq\neg l)$ ,
$C:\mathrm{s}.\prime 1\mathrm{P}’\tau \mathrm{c}^{\backslash }11\mathrm{i}1)\mathrm{t}\mathrm{i}\mathrm{c}^{\backslash }(.\cdot l\mathrm{J}\mathrm{r}.\mathrm{v}\iota^{\backslash }.,$ $\mathrm{n}o11-t_{1\backslash }.\mathrm{p}(\mathrm{i}1\epsilon.\mathrm{J}\mathrm{h}.\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{c}^{\backslash }$
$g(C\rangle\leq 4,$ $q^{g(c_{\dot{\{}n}^{\sim}}\geq 2^{\iota 60}$.
$\Rightarrow q^{g(F^{\mathfrak{l}})}\geq 2^{^{7}360}\mathrm{e}.\backslash \cdot \mathrm{c}^{\backslash }\mathrm{c}\eta)\mathrm{b}n=13,\delta=4.\ulcorner 0.6$
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